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Abstract 
In this paper, we present some approaches in 
IFSs which across some definitions, 
operations, properties and propose two 
theorems in IFSs. 
Key words: algebra , fuzzy sets ,intuitionistic 
fuzzy sets. 

1. Introduction 
In 1965 zadeh’s classical concept of fuzzy sets 
is a strongly mathematical tool to deal with the 
vagueness, introduced by [1]. Since  the 
initiations of fuzzy set theory, there are 
suggestions for non-classical and higher order 
fuzzy sets for different specialized purposes. 
Out of several higher order fuzzy sets, 
intuitionistic fuzzy sets (IFSs) introduced by 
Atanassov is quite useful and applicable. IFSs 
are not fuzzy sets, although these are defined 
with the help of membership functions. But 
fuzzy sets are intuitionistic fuzzy sets. Every 
fuzzy sets has the form ሼݔۦ, ,ሻݔ஺ሺߤ 1 െ ሻݔ஺ሺߤ ∶
ݔ ∈ ܺۧሽ was introduced byሾ2,3ሿ. In this section 
we present some approaches on IFSs viz: some 
definitions, basic operations, some properties 
and we extend two proposed theorems based on 
IFSs which was earlier introduced by [4]. 
In fuzzy set theory the in deterministic part is 
zero by assumption that full part of the degree 
of membership is determinism. But in real life 
situation it is not always so, and for such 
environment there is a need for the IFSs theory 
without any confusion. If deterministic part is 
zero, the IFSs theory coincides with fuzzy set 
theory. 
 

2. Definitions of intuitionnstic fuzzy 
sets:- 

Definition (2.1)    Let us consider X be a non 
empty set and a fuzzy set A drawn from X is 
defined as A=൛൏ ,ݔ ሻݔሺ஺ሻሺߤ ൐∶ ݔ ∈ ܺൟ, where 
ሻݔ஺ሺߤ ∶ ܺ → ሺ0,1ሻ is the membership function 
on the fuzzy set A. 
Definition (2.2)     Let X be a nonempty set. An 
intuitionstic fuzzy set A in X is an object having 
the form 
Aൌ ሼ൏ ,ݔ ,ሻݔ஺ሺߤ ሻݔ஺ሺߴ ൐∶ ݔ ∈ ܺሽ, where the 
functions	ߤ஺ሺݔሻ, ሻݔ஺ሺߴ ∶ ܺ → ሾ0,1ሿ. The degree 
of membership and the degree of non- 
membership of the element x∈ ܺ to the set A, 
which is subset of ‘X’ and for every element 
x∈X, 0൑ ሻݔ஺ሺߤ ൅ ሻݔ஺ሺߴ ൑ 1. Further, we 
have				ߨ஺ሺݔሻ ൌ 1 െ ሻݔ஺ሺߤ െ  ሻ Called theݔ஺ሺߴ
intuitionistic fuzzy set index or hesita on margin 
of x in A. ߨ஺ሺݔሻ is the degree of indeterminacy 
of x∈ ܺ to the IFS A and ߨ஺ሺݔሻ ∈ ሾ0,1ሿ i.e 
ሻݔ஺ሺߨ ∶ ܺ ⟶ ሾ0,1ሿ and 0൑ ஺ߨ ൑ 1	for every x∈
ܺ. 
Definition (2.3)   (Equivalent IFS) 
 Two IFS P and Q are said to be 
equivalent to each other i.e p~ܳ if there exists a 
function ݂ ∶ ሻݔ௉ሺߤ → ݂ ሻ andݔொሺߤ ∶ ሻݔ௉ሺߴ →
 ሻ both are injection and bijection, then theݔொሺߴ
functions define a one- to- one correspondence 
between P and Q. 
Definition  (2.4)   (Inclusive IFS) 
 Let P and Q are two IFSs, ܲ ⊆ ܳ ⇒
௉ߤ ൑ ሻݔ௣ሺߴ ሻ andݔொሺߤ ൒ .ሻݔொሺߴ ݔ∀ ∈ ܺ, then 
P is a subset of Q and Q is the superset of P. 
Definition (2.5) (Relations) 
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Let P,Q,R are IFSs, then 
 ⟶ ܲ ൑ ܲ	 i.e p is reflexive reln 
 → ܲ ൑ ܳ and Q൑ ܲ i.e symmetric reln 
 → ܲ ൑ ܳ	and ܳ ൑ ܴ ⇒ ܲ ൑ ܴ i.e 
transitive reln. 
⇒ If a relation is reflexive, symmetric and 
transitive, the reln is called “equivalence 
relation” 
2.6 Some operations on Intuitionistic fuzzy 
sets 
2.6.1 (Inclusion) 
ܣ  ⊆ ܤ ⟷ ሻݔሺ	஺ߤ ൑ 	ሻ andݔ஻ሺߤ ሻݔ஺ሺߴ ൒
ݔ∀  , ሻݔ஻ሺߴ ∈ ܺ. 
 
2.6.2 (Complement) 
௖ܣ  ൌ ሼ൏ ,ݔ ,ሻݔ஺ሺߴ ሻݔሺ	஺ߤ ൐∶ ݔ ∈  .ሽ	ݔ
2.6.3 (Union) 
 A∪ ܤ ൌ ൛൏
,ሻݔ஺ሺߤ൫ݔܽ݉,ݔ ,ሻݔ஺ሺߥ൫݊݅ܯ,ሻ൯ݔ஻ሺߤ ሻ൯ݔ஻ሺߥ ൐∶
ݔ ∈ ܺൟ. 
2.6.4 (Intersection) 
 A∩ ܤ ൌ ൛൏
,ሻݔ஺ሺߤ൫݊݅݉,ݔ ,ሻݔ஺ሺߥ൫ݔܽ݉,ሻ൯ݔ஻ሺߤ ሻ൯ݔ஻ሺߥ ൐∶
ݔ ∈ ܺൟ. 
2.6.5 (Addition) 
 A⊕ܤ ൌ ሼ൏ ,ݔ ሻݔ஺ሺߤ ൅ ሻݔ஻ሺߤ െ
,ሻݔ஻ሺߤሻݔ஺ሺߤ ሻݔ஻ሺߥሻݔ஺ሺߥ ൐∶ ݔ ∈ ܺሽ. 
2.6.6 (Multiplication) 
 A⊗B ൌ ሼ൏ ,ݔ μ୅ሺxሻμ୆ሺxሻ, ν୅ሺxሻ ൅
ν۰ሺxሻ െ ν୅ሺxሻ ∙ ν୆ሺxሻ ൐∶ ݔ ∈ ܺሽ. 
2.7 Properties of Intuitionistic fuzzy sets: 
 Suppose P, Q, R∈IFSs in X, then 

i. ሺPୡሻୡ ൌ P	i. e	complimentary	law. 
ii. p ∪ p ൌ p	and	p ∩ p ൌ

p	i. e	idempotent	law. 
iii. ሺp ∪ Qሻ ∪ R ൌ P ∪ ሺQ ∪ Rሻ	andሺP ∩

Qሻ ∩ R ൌ P ∩ ሺQ ∩ Rሻ	i. e	associative/
Qw 

iv. P∪ Q ൌ Q ∪ P	and	P ∩ Q ൌ Q ∩
P	i. e	commutative	law. 

v. P∪ ሺQ ∩ Cሻ ൌ ሺP ∪ Qሻ ∩ ሺP ∪ Rሻ 
And P∩ ሺQ ∪ Cሻ ൌ ሺP ∩ Qሻ ∪
ሺP ∩ Rሻi. e	distributive	law. 

Vi.   ሺP ∪ Qሻୡ ൌ Pୡ ∩ Qୡ	and	ሺP ∩ Qሻୡ ൌ
Pୡ ∪ QୡሺDe.moganᇱs	law. 
Vii.  P∩ ሺP ∪ Qሻ ൌ P	and	p ∪ ሺP ∩ Qሻ ൌ
P	ሺabsorption	lawሻ 
viii. P ⊕Q ൌ Q⊕ P	and	P⊗ Q ൌ Q⊗ P 
ix. P⊕ ሺQ⊕ Rሻ ൌ ሺP⊕ Qሻ⊕ R  

and P⊗ ሺB⊗ Cሻ ൌ ሺP⊗ Bሻ⊗ Ca 
x.  ሺܲ ⊕ ܳሻ஼ ൌ ܲ஼ ⊗ ܳ஼	ܽ݊݀ሺܲ ⊗ ܳሻ஼ ൌ
ܲ஼ ⊕ ܳ஼  

2.8 proposed theorems for Intuitionistic 
fuzzy sets: 
Theorem 2.8.1: Let P,Q,R are three essential 
IFSs for  which there are a, b, c	∈  such that ܧ
௉ሺܽሻߤ ൐ 0, ሺܾሻߴ ൐ 0	ܽ݊݀	ܷோሺܿሻ ൐
0, ሺܲሻܥ	݂݅ ⊂ ⊃ሺܳሻGܫ
ሺܴሻ, ,ߙ	ݏݎܾ݁݉ݑ݊	݈ܽ݁ݎ	݄݁ݐ	݄݊݁ݐ ,ߚ ,ߛ ,ߜ ,ߟ ߦ ∈
ሾ0,1ሿ	ܵ݋	ݐ݄ܽݐ	ܬఈ,ఉሺܲሻ ⊂ ఊ,ఙሺܳሻܪ 	⊂ ܼఎ,కሺܴሻ. 
Proof: 
Let a set E be fixed then 
    For every IFS ‘P’, ܥሺܲሻ ൌ ሼ൏ ,ݔ ,ܭ ܮ ൐∶ ݔ ∈
 ሽܧ

Where ܭ ൌ
ݔܽ݉
ܽ ∈ ,௉ሺܽሻߤ	ܧ ܮ ൌ

݉݅݊
ܽ ∈ ܧ

 ௉ሺܽሻߴ

And I(P)={<x,k1,l1>:x∈  {	ܧ

Where k1=
݉݅݊
ܽ ∈ ܧ

,௉ሺܽሻߤ	 lଵ ൌ
ݔܽ݉
ܽ ∈  ௉ሺܽሻߴܧ

 
Similarly ܩሺܲሻ ൌ ሼ൏ ,ݔ ݇ଶ, ݈ଶ ൐∶ ݔ ∈  ሽܧ

Where  ݇ଶ ൌ
݉݅݊
ܽ ∈ 	ܧ

௉ሺܽሻ, ݈ଶߤ ൌ
ݔܽ݉
ܽ ∈  ௉ሺܽሻߴ	ܧ

Let  Cሺܲሻ ⊂ ሺܳሻܫ ⊂  ,ሺܴሻ, thusܩ

 0 ൏ ௉ሺܽሻߤ ൑
ݔܽ݉
ݔ ∈ ሻݔ௉ሺߤܧ ൌ ܭ ൑ ଵܭ ൌ

݉݅݊
ݔ ∈ ܧ

 ሻݔொሺߤ

ܮ  ൌ ݉݅݊
ݔ ∈ ܧ

ሻݔ௉ሺߴ ൒ ݈ଵ ൌ
ݔܽ݉
ݔ ∈ ሻݔሺߴܧ ൒

ொሺܾሻߴ ൐ 0. 

And  0 ൏ ௉ሺܽሻߤ ൑
ݔܽ݉
ݔ ∈ ሻݔ௉ሺߤܧ ൌ ܭ ൑ ݇ଶ ൌ

݉݅݊
ݔ ∈ ܧ

 ሻݔொሺߤ

ܮ  ൌ ݉݅݊
ݔ ∈ ܧ

ሻݔ௉ሺߴ ൒ ݈ଶ ൌ
ݔܽ݉
ݔ ∈ ሻݔொሺߴܧ ൒

ܷோሺܿሻ ൐ 0 

Let  ܲ ൌ
ݔܽ݉
ݔ ∈ ሻݔ௉ሺߨܧ ൐ 0, ݍ ൌ

ݔܽ݉
ݔ ∈ ሻݔொሺߨܧ ൐ 0  

 And ݎ ൌ
ݔܽ݉
ݔ ∈ ሻݔோሺߨܧ ൐ 0, since P, Q, R 

are essential IFSs. 

Again, let ߙ ൌ ௞భି௄

ଶ௉
ߚ  ൌ ௅ା௟భ

ଶ௅
 

ߛ   ൌ ௄ା௞భ
ଶ௞భ

ߪ  ൌ ௅ି௟భ
ଶ௤

 

ߟ   ൌ ௄ା௞మ
ଶ௞మ

ߦ  ൌ ௅ି௟మ
ଶ௥

 

Then, 
ሺ௞భି௞ሻܬ

ଶ௉ ,ሺಽశ೗భሻమಽ

ሺܲሻ

ൌ ൜൏ ,ݔ ሻݔఘሺߤ

൅
݇ଵ െ ܭ
݌2

,ሻݔ௣ሺߨ
ܮ ൅ ݈ଵ
ܮ2

ሻݔ௉ሺߴ ൐

∶ ݔ ∈  ൠܧ
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ሺ௞భା௞ሻܪ
ଶ௞భ

,ሺಽష೗భሻమ೜

ሺܳሻ

ൌ ൜൏ ,ݔ
݇ଵ ൅ ܭ
ଵܭ2

,ሻݔொሺߤ ሻݔொሺߴ

൅
ܮ െ ݈ଵ
ݍ2

ሻݔொሺߨ ൐∶ ݔ ∈  ൠܧ

ܼሺ௞మା௄ሻ
ଶ௞మ

,
ሺ௅ି௟మሻ
ଶ௥

ሺܴሻ

ൌ ൜൏ ,ݔ
݇ଶ ൅ ݇
2݇ଶ

,ሻݔோሺߤ ሻݔோሺߴ

൅
ܮ െ ݈ଶ
ݎ2

ሻݔோሺߨ ൐∶ ݔ ∈  ൠܧ

From 

ሻݔ௉ሺߤ ൅
݇ଵ െ ݇
2ܲ

ሻݔ௉ሺߨ ൑ ܭ ൅
݇ଵ െ ݇
2ܲ

ܲ

ൌ
݇ଵ ൅ ݇
2

൑
݇ଵ ൅ ݇
2݇ଵ

 ሻݔொሺߤ

ሻݔொሺߴ ൅
ܮ െ ݈ଵ
ݍ2

ሻݔொሺߨ ൑ ݈ଵ ൅
ܮ െ ݈ଵ
ݍ2

∙ ݍ

ൌ
ܮ ൅ ݈ଵ
2

൑
ܮ ൅ ݈ଵ
ܮ2

 ሻݔ௉ሺߴ

And ܷோሺݔሻ ൅
௅ି௟మ
ଶ௥

ሻݔோሺߨ ൑ ݈ଶ ൅
௅ି௟మ
ଶ௥

∙ ݎ ൌ
௅ା௟మ
ଶ

൑ ௅ା௟మ
ଶ௄

 ሻݔ௉ሺߤ
Thus this establishing the theorem. 

Theorem (2.8.2):    
For every three IFSs P,Q and R, C(P)	⊂ ሺܳሻܫ ⊂
,ሺܴሻܩ ,ߙ	ݏݎܾ݁݉ݑ݊	݈ܽ݁ݎ	ݏݐݏ݅ݔ݁	݁ݎ݄݁ݐ	݂݂݅ ,ߚ ߛ ∈
ሾ0,1ሿ݄ܿݑݏ	ݐ݄ܽݐ	ߙ ൅ ߚ ൅ ߛ ൑ ఈ,ఉ,ఊሺܲሻܬ݀݊ܽ	1 ⊂
ఈ,ఉ,ఊሺܳሻܪ ⊂ ܼఈఉఊሺܴሻ. 
Proof Let us consider Cሺܲ	ሻ ⊂ ሺܳሻܫ ⊂  ሺܴሻܩ
Thus   K൑ ݇, ܮ ൒ ݈, ܽ݊݀ܰ ൒ ݊. 

Where Kൌ
ݔܽ݉
ݔ ∈ ሻ  Lൌݔ௉ሺߤܧ

݊݅ܯ
ݔ ∈ ܧ

 ሻݔ௉ሺߴ

 Kൌ ݊݅ܯ
ݔ ∈ ܧ

ሻ  lൌݔொሺߤ
ݔܽܯ
ݔ ∈ ܧ

 ሻݔொሺߴ

And Nൌ ݊݅ܯ
ݔ ∈ ܧ

ሻ  nൌݔ௉ሺߴ
ݔܽܯ
ݔ ∈ ܧ

 ሻݔோሺߴ

Let ߙ ൌ ௄ା௞

ଶ
, ߚ ൌ ௅ା௟

ଶ
ߛ	݀݊ܽ	 ൌ ேା௡

ଶ
 

 
From the above, we have 

ሻݔ௉ሺߤ ൑
ܭ ൅ ݇
2

൑  ሻݔொሺߤ

ሻݔ௉ሺߴ ൑
ܮ ൅ ݈
2

൒  ሻݔொሺߴ

ሻݔொሺߴ ൑
ܰ ൅ ݊
2

൒  ሻݔோሺߴ

For every x∈ E, it	implies	that 

 Max ቀμ୔ሺxሻ,
୏ା୩

ଶ
ቁ ൌ

୏ା୩

ଶ
ൌ

Min ቀμ୕ሺxሻ,
୏ା୩

ଶ
ቁ 

Minቀߴ௉ሺݔሻ,
௅ା௟

ଶ
ቁ ൌ

௅ା௟

ଶ
ൌ

Max ቀϑ୕ሺxሻ,
୐ା୪

ଶ
ቁ 

And Minቀߴ௉ሺݔሻ,
ேା௡

ଶ
ቁ ൌ

ேା௡

ଶ
ൌ

ݔܽܯ ቀߴோሺݔሻ,
ேା௡

ଶ
ቁ 

⇒ ఈ,ఉ,ఊሺܲሻܬ ⊂ ఈ,ఉ,ఊሺܳሻܪ ⊂ ܼఈ,ఉ,ఊሺܴሻ 
Conversely, suppose ߙ, ,ߚ ߛ ∈
ሾ0,1ሿ݄ܿݑݏ	ݐ݄ܽݐ	ߙ ൅ ߚ ൅ ߛ ൑
ఈ,ఉ,ఊሺܲሻܬ	ݐ݈݁	݀݊ܽ	1 ⊂ ఈ,ఉ,ఊሺܳሻܪ ⊂ ܼఈ,ఉ,ఊሺܴሻ 
then for every x∈  ,ܧ

 ቀ݉ܽݔሺߤ௉ሺݔሻ, ሻߙ ൑ ,ሻݔொሺߤ൫݊݅ܯ  ൯ቁߙ

 ቀ݊݅ܯሺ ,ሻݔ௉ሺ	ߴ ሻߚ ൒ ,ሻݔொሺߴ൫ݔܽܯ  ൯ቁߚ

And ൫݊݅ܯሺߴ௉ሺݔሻ, ሻߛ ൒
,ሻݔோሺߴሺݔܽ݉ ,ሻ൯ߛ  ݏݑ݄ݐ

 
ݔܽ݉
ݔ ∈ ,ሻݔ௉ሺߤሺ	max ܧ ሻߙ ൑

݉݅݊
ݔ ∈ ܧ

݉݅݊൫ߤொሺݔሻ,  ൯ߙ

 ݉݅݊
ݔ ∈ ܧ

݉݅݊ሺߴ௉ሺݔሻ, ሻߚ ൒
ݔܽ݉
ݔ ∈ ,ሻݔொሺߴ൫ݔܽ݉ܧ  ൯ߚ

 And similarly 

 ݉݅݊
ݔ ∈ ܧ

	݉݅݊ሺߴ௉ሺݔሻ, ሻߛ ൒
ݔܽ݉
ݔ ∈ ,ሻݔோሺߴሺݔܽ݉ܧ  ሻߛ

Hence we have 

 
ݔܽ݉
ݔ ∈ ሻݔ௉ሺߤܧ ൑ ݔܽ݉ ቀ

ݔܽ݉
ݔ ∈ ,ሻݔ௉ሺߤܧ  ቁߙ

 ൌ
ݔܽ݉
ݔ ∈ ,ሻݔ௉ሺߤሺݔܽ݉	ܧ ሻߙ ൑

݉݅݊
ݔ ∈ ܧ

	݉݅݊൫ߤொሺݔሻ,  ൯ߙ

 ൌ ݉݅݊ ቀ ݉݅݊
ݔ ∈ ܧ

,ሻݔொሺߤ ቁߙ ൑
݉݅݊
ݔ ∈ ܧ

 ሻݔொሺߤ

And ݉݅݊
ݔ ∈ ܧ

ሻݔ௉ሺߴ ൒ ݉݅݊ ቀ ݉݅݊
ݔ ∈ ܧ

,ሻݔ௉ሺߴ  ቁߚ

 ൌ ݉݅݊
ݔ ∈ ܧ

൫݉݅݊ሺߴ௉ሺݔሻ, ሻ൯ߚ ൒
ݔܽ݉
ݔ ∈ ,ሻݔொሺߴݔ൫݉ܽܧ  ൯ߚ

 ൌ ݔܽ݉ ቀ
ݔܽ݉
ݔ ∈ ,ሻݔொሺߴܧ ቁߚ ൒

ݔܽ݉
ݔ ∈  ሻݔொሺߴܧ

Similarly we have 

 ݉݅݊
ݔ ∈ ܧ

ሻݔ௉ሺߴ ൒ ݉݅݊ ቀ ݉݅݊
ݔ ∈ ܧ

,ሻݔ௉ሺߴ  ቁߛ

 ൌ ݉݅݊
ݔ ∈ ܧ

	݉݅݊ሺߴ௉ሺݔሻ, ሻߛ ൒
ݔܽ݉
ݔ ∈ ,ሻݔோሺߴݔሺ݉ܽܧ  ሻߛ

 ൌ ݔܽ݉ ቀ
ݔܽ݉
ݔ ∈ ,ሻݔோሺߴܧ ቁߛ ൒

ݔܽ݉
ݔ ∈  ሻݔோሺߴܧ
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Therefore,   Cሺܲሻ ⊂ ሺܳሻܫ ⊂  .ሺܴሻܩ
Which establishes the theorem. 
Conclusion 
In this paper we have presented some aspects on 
intuitionistic fuzzy sets such as definitions, 
operations, properties and study two useful 
theorems based on IFSs. 
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