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Abstract

The non-homogeneous cubic equation with
three unknowns represented by (x +y)? - 3xy =
12z% is analysed for its patterns of non-zero
distinct integer solutions. A few interesting
relations among the solutions are presented.
Keywords: Non-homogeneous cubic, ternary
cubic, integer solutions.

Notations:
1. tmn= n[1+ W) -Polygonal
number of rank n with size m

3
N *N _ Centered triangular

2. CPy, =

pyramidal number of rank n
3. CP;, =n*- Centered hexagonal pyramidal

number of rank n

n2(n+1)
2

4, p? = - Pentagonal pyramidal

number of rank n
5. PR, =n(n+1)- Pronic number bof rank n

INTRODUCTION

It is well known that the Diophantine equations
are rich in variety [1-3]. In particular, one may
refer [4-12] for cubic with three unknowns. In
this paper yet another cubic equation with three
unknowns is given by(x + y)>— 3xy = 1223 is
considered for determining its infinitely many
non-zero integer solutions. Also, A few
interesting relations among the solutions are
exhibited.

Method of analysis:
The non-homogeneous cubic equation to be
solved is

(x+y)? —3xy =123 (1)
Introducing the linear transformations
X=U+V , y=U-V (2
in (1), it gives

u? +3v? =127° 3
Assume

z=1(a,b)=a%+3n? 4)
Also, 12=(3+iv3)3-iv3) (5)

Substituting (4), (5) in (3) and applying the
method of factorization, we have

(u+ivav)lu-ivav)=(3+iv3)s-iv3) (a+ivan) (a—ivab)

Equating the positive and negative terms in the
above equation, we have

(u+i 3V): (3+i\/§) (a+i\/§b)3 (6)
u=ivav)=le-iv3) (a-ivanf (7)

Equating the real and imaginary parts in either
(6) or (7), we have
u=23a®-27ab? —9a%h + 9b°
v=9a%h-9b% +a% - 9ah?
Substituting the above values of uandv in (2),
we get
x = x(a,b) = 4a° — 3ab? (8)
y = y(a,b)=2a® —18ab? —18ab + 18b° (9)
Thus, (4), (8) and (9) represent the integer
solutions to (1)
Properties:

1. z(a,a+1)-tyg 4 =0(mod3)

2. 6[4—x(1,b)] is a nasty number.
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3. x(Lb)+z(Lb)+33t,p =5
4. y(al)-2CPs , —~18PR, =18

Note: It is worth to mention that , in addition to
(5) , 12 may also be written in the following
ways :

way 1: 12=(-3+iv3)[-3-iV3)

way 2: 12 = (i243)(-i243)

Following the procedure as above , the
corresponding integer solutions to (10) and (11)
are presented below:

Solution for (10):

x = —2a°% +18ab? +18b° ~18a%

y= ~4a% + 36ab?

z=a%+3p?

(10)
(11)

Solution for (11):

x =180° —18a°b + 2a° —18ab?

y =180b° —18a%b — 2a% +18ab?

z=a°+3p?

However, we have other choices of integer
solutions to (1) that are illustrated below:

u?+3v?=12%x 1 (12)
Assume 1= il”—‘/g}l_i—‘/g) (13)

Substituting (4), (5) and (13) in (12) and
employing the method of factorization, define

(u+i 3v):%(3+i\/§X1+i\/§) (a+i\/§b)3 (14)

Equating the real and imaginary parts in (14), we
have

u=-18a%h+18p°
v =2a’-18ah?

Substituting the above values of u and v in (2),
we get

x = x(a,b) = —18ah +18b* + 2a° —18ah? (15)

y = y(a,b)=-18a%b +18b® — 2a® +18ab? (16)
Thus, (4), (15) and (16) represent the integer
solution to (1)

Properties:

1. z(b+1,b)-tyg 4 =1(mod5)
2. x(Lb)-18CP;}, +18PR;, =2

3. 6z(a, az) IS a nasty number when

a= %[(2 3 (2 \/5)””}, n=-101...

4. y(a1)-x(al)+8CP;, = 0(mod2)

5. G[y(a,l)— x(a,1)+8P2 + 81J is a nasty number.

Note: It is to be noted that, in addition to (13) , 1
may also be represented as
L h+ia3-ia)3)

49
For this choice, the corresponding integer
solutions to (1) are given by
x=x(AB)= 49[4A3 +144B% 36 AB? —144A2|3J

(17)

y = y(A B)=49- 2243 + 90B° +198AB? ~ 90A%B |
2= 2(A,B)=49|A? + 387 ]
Further, considering (10) with (13) , the integer
solution to (1) are given by
x = —4a° + 36ab?
y =—2a% +18ab? +18a’b —18b°
z=a” +3p?
Considering (10) with (17) , the integer solution
to (1) are found to be

2
x=x(A B)= 49[— 90A" B+198AB? — 22A° —5453}

2 2 3 3
y =y(A B)=49 54A B+234AB° - 26A° —54B

2= 2(A,B)=49]A2 + 382 |

Considering (11) with (13), the integer solutions
are represented as

x =—2a% +18b% +18ab? —18a%b

y= —4a° + 36ab?

z=a°+3p?

Considering (11) with (17) the integer solutions
are obtained as

2
x=x(AB)= 49[54A B+234AB? — 26 A3 — 5453}

2
y=y(AB)= 49[144A B +36AB? —4A° —14483}

2= 7(A B)=49|A? + 382 ]
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